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ABSTRACT 


Web-stiffened sandwich cylindrical shelis consisting of 
two concentric cylindrical shells joined and stiffened by 
annular rings (webs) were considered in the investigation. 
The purpose of this investigation was to study the stress 
Peer bution and buckling modes, and to determine the scant- 
Semigs anc configuration of optimum proportions. 


The scantlings and configuration of optimum proportions 
was defined as that with the lowest weight to displacement 
ratio at @ given loading of hydrostatic pressure. 


ira msecantlingsmmowrerrsiell thuckness, immer shell 
thickness, web thickness, web depth (separation of shells) 
and configuration (web spacing) were systematically and 
independently varied and the effect upon failure mode pres- 
sures, and the weignt t6 displacement ratio was determined. 
Bteeeesults were plotted graphically. 


Tne form of stress and buckling analysis results follow 
Gll@sely those of a ring-stiffened cylinder. Geometric sim- 
ilitude was determined to exist. The scantlings and configu- 
Peron of OnDtLimum proportions were found to be a function of 
the loadings. 


Web-core sandwich configurations possess structural 
efficiencies on the order of 20% higher than those of con- 
Ventional ring-stiffened construction for loadings on the 
order of 1000 psi (2225 feet) and tnese diminish with depth 
Gemabout 5% higher for loadines on the order of 4000 psi 
(8900 feet). 


The real advantage of the web-stiffened sandwich con- 
eemeuction lies in tae use of thinner plating with ali its 
superior metallurcical and fabrication qualities. 
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NOTATION 


Web thickness 

(ee eal 

Web constant 

BenGincmmdicidine7 Ete) 
Mean diameter of shelis 

RRO KRIE 

Young's modulus 

Secant modulus 

Tangent modulus 

Stress ratio, FSS g 

Edge coefficients for outside and 
inside shells 

Lamé deflection coefficients for the 


annular webs 


Stress intensity per pound of pressure 
Ca) 


Unsupported length of cylinder 
Length between bulkheads 
timeecers 


Longmbudina hvandc1reumrerential 


forces per unit length 


PeOngieidinal, ci reuUmMrerential, and 


radial coordinates 
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figs H. (HHO ,HHT) 


N ee) 


o- i 


Ro ’ Qi (Ho, Hi) 


Ths al 


Hyperbolic and trigonometric stress 


parameters for outside shell 


Hyperbolic and trigonometric stress 


parameters for inside shell 
Longitudinal moment Der unit length 
External hydrostatic pressure 

Force coefficients for outside snell 
Force coefficients for inside sheil 


Total radial forces on the outer and 


inner surface of webs per unit length 


Longitudinal forces on outside and 


inside shells per unit length 


Radial forces on outside and inside 


shells per unit length 


Same quantity used in general theory 


and computer programs 
Radial force per unit length 
Radius 


Mean radius Of Outsiade ana = nci1de 
shelis 


mxtreme radius of outer fiber of out- 


Side and inside shells 
RRI/RRO 

Mean distance between webs 
Thickness of sheil 

Outside shell thickness 


Inside shell thickness 
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Longitudinal circumferential and 


radial deflections 


Radial deflection of outside and 


inside shell 


Radial deflection of the outer and 


tnner surfaces of the web 
Radial bending rigidity, E/(1l-v*) 


Longitudinal, circumferential, and 


Pages tie jens 


Longitudinal, Circumferential, and 


naGtealbeseressces 


Shell flexibility parameters for out- 
Side and inside shells, 


Prelrev- ye, tL Ree 


Bending stress coefficient, 


[(1=v7)/31% 


PelsSSOn Ss Tactile LOGRIsOLLeplec 


materials 


Seress ANtensity, Museen Nencky, 

a e+ 2 re 1 
Von Mises, lL .o5 + o5 ce 
Yield stress 


Stress location 

Gireceron 

shell (web-shell juncture, midbay) 
web 


outside shell, inside shell, 


fiber (outer, inner, membrane) 


MXOI = midbay, longitudinal, outside 


shell, inner fiber 


Yield failure at shell midbay 





PF 
PWS 

PPCl 
PPC2 
PPC3 
PPC4 


PPC5 


Yield failure at web-shell juncture 
Yield failure at web outer fiber 
Axisymmetric snell buckling 
eee shell buckling 

General instability 

Web, ring buckling 


Web, edge compression buckling 
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INTRODUCTION 


One of the more promising structural concepts for the 
feslgn and fabrication of cylindrical pressure hull struc 
tures is the sandwich concept. Structural engineers in the 
aircraft industry have long recognized and taken advantage 
of the favorable strength-weight characteristics of 
Sandwica-type COnScimuctloOnememimestudying the literature, 
nowever, it nas pveen found tnat the loading conditions 
encountered in tnese applizations nave dictated sandwicn 
structurai arrangements that would be of no direct use in 


the design of pressure hulls for submersibles. 


The demands of hydrostatic pressure loading are such 
that in order to exploit the sandwich concept for pressure 


hull construction a core comprised of elements which are 


| oo 


compression reSistant as well as shear resistant is sought. 


Tne major difference is that membrane loads are predominant 
in hydrospace applications, wnereas in aerospace, the bend- 


ing and shear type loads are of prime concern. 


Experimental programs and analytical studies have been 
feng On concurrently in order to develop rational formulas 
based on thin-shell theory for predicting the static struc- 
tural response of these types of structures. In reference 


10 PuloOs presents an analysis of the axisymmetric elastic 








deformations and stresses in a web-stiffened sandwich 
cylinder under hydrostatic piressure. Raetz presents a 
Similar analysis for the toroidal tube-stiffened sandwich 
cylinder.*+ In references 12 and 14 Nott presents a sim- 


plified stress ana strain analysis. 


Nott's equations were used anda programmed for the 


Meress analysis of the web-stiffened structure. 


In reference 22 tne axisymmetric and asymmetric buck- 
ling equations are developed. In references 15 and 23 an 


expression for the general instability is determined. 


The above equations are utilized, with others derived 
for web stability, to study the parametric nature of webdb- 
core sandwich structure and to determine optimum propor- 


=@n S . 


Optimum design must be based on rational considera- 
tions of inelastic benavior, however, and oe on the "one 
norse shay" concept based on elastic considerations of in- 
Stability. The "ignorance factors" can then be representa- 
tive of the variability introduced by certain intangibles 


which are not easily considered in a tneory. 


Some of the intangibles which influence static strength 
and complicate the problem so that appropriate design for- 
mulas cannot be derived on purely theoretical grounds are 


those inherent in the fabrication process itself: 








(4) 
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Initial stress: 

Residual stress. 

InperEeee, CLyCcularity. 

Non-1isotropic or non-homogeneity of material. 


Actual boundamy, Conditions au SElLET Chinon Gs. 


Therefore, in view of these complications, the devel- 


opment of satisfactory design criteria must first be pre- 


dicted on rigorous matnematical theory with its concomitant 


icealizations, and then, empirical factors derived from 


test data can be introduced to "adjust" the theories to 
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take account of these many variables which could not or 


were not considered. 


Thus an inelastic analysis of all instability modes is 


used. 





GENERAL THEORY 


1. Stress Analysis 


A theoretical analysis of the axisymmetric elastic 
deformations and stresses in a web-stiffened sandwich 
cylindrical Shell structure under external hydrostatic 
pressure is presented in Appendix A. The solution is based 
on the use of edge coefficients for plate and shell ele- 
ments of finite length, and includes tne computation one 
the edge forces and moments arising at the common junc- 


tures of these elements. 


Equations are given for computing numerically the 
longitudinal and circumferential stresses in the two 
coaxial cylindrical shelis and the radial and tangential 


a 


stresses in the web stiffeners between the two shells. 


To evaluate the structural strength of cylindrical 
sandwich shells, the locations and magnitudes of maximum 
stresses must be determined. Rigorous analyses for stress 
distributions in sandwich shells loaded under external 


hydrostatic pressure were carried out by Pulos?? ana 


Pecez These analyses illustrate that the maximum 
stresses occur in the inner and outer shells at locations 
next to the annular webs and midway between the two webs 


that separate the shells. Therefore, the stresses in the 


mae Troec anavOuTcciage shelle at these two Locations are or 





interest for the purpose of structural design and 


evaluation. 


The procedure and nomenclature for programming the 


stress analysis is that of Voce 


a. NOMENCLATURE 
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EreeAoSUMPTIONS 

From symmetry considerations it is seen that the 
edges of the web stiffener, circular annulus, do not under- 
go any pee om This stems from the fact that a horizontal 
tangent or zero-slope condition is assumed to exist at the 
junctions of the webs witn the two cylindrical shells. 
This assumption implies that the edge moments on each shell 
at the shell-web juncture balance each other, so that there 
are no net moments to be resisted by the web. Further, it 
is assumed tnat the web elements do not take any axial 
memce due to the axial pressure, but that this is all re- 


Sisted by the cylindrical shells. 


Also inherent in the analysis (see Appendix A) is the 
neglect of the beam-column effect due to the axial portion 


Of the nydrostatic pressure. 

















Thus the analysis of the web stiffeners reduces to 
that of a circular annulus subjected to axisymmetric in- 


mane radial forces On DOthH 1ts inner and outer boundaries: 


On the basis of these assumptions, it 1s only necessary 
to derive edge coefficients for an annulus undergoing radial 


gen lection. 


The functions M, N, P, and Q are the Lamé deflection 


coefficients for the annular webs and can be expressed 
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M = sa (1 + eo) + oor - 2v) 
n= a+ + - 
o= oa - (SE + get 20) 


ana the functions Gor J, are the edge coefficients from tne 
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outside and inside snelis: 
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Thus, from Appendix A, the axial and transverse forces 


(Vos Vie Hy and Hs), which act at the intersections of the 


annular webs and cylinders can be determined. 
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And from these forces the maximum stresses in the 


shells can be determined. 
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Oe WES STRESSES 


From Appendix A the maximum stress in the web 


[(-HHI(RR)?+HHO) - (-HHI(RR)+HHO(RR) ) (RR) J 


O = -p 
aaa b/2 (1-(RR) 2) 
[(-HHI(RR)?+HHO) + (-HHI(RR)+HHO(RR) } (RR) ] 
O = -p SSS 
he b/2 {1-(RR) 2} 
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HHO = Ho + 7 2Z 
HHI = H. 
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RR = RRI/RRO 
RRI = R, - T,/2 


RRO = Ish. “= TO/2 








2. Buckling Analysis and Failure Modes 


The axisymmetric and asymmetric (lobar) buckling 
equations developed by Lunchick* and Reynolds® Forirang= 
stiffened cylinders are modified in Appendix B for applica- 
mmo co web-Stiifened sandwich cylinders. “They are eval— 
uated for both the inner and outer shells. Reference 22 
indicates good agreement between theoretical and experi- 
mental collapse pressures. 


The general instability equation used has found con- 


Sideraple experimental eee ee 


The two modes of web buckling are first, a variation 
of the Foppl or Levy ring buckling (effectively TOKUGAWA) 
and second, the buckiing cf an annulus in biaxial edge 


compression (see Appendix B). 


a. FAILURE MODES 
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Using the Huber-Hencky-Von Mises criterion 
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evaluated at the web-shell interface (PF), midbay (P), and 
outer fiber of web (PWS). 
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GENGRAL INSTAGILITY (CONCURRENT FAILURE 
OF SHELLS AND WEBS) 


FAILURE MODES (SHELL) 
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PROCEDURE 


The buckling pressure is a function of the cylinder 
geometry and the secant and tangent moduli as determined 
from a stress-strain intensity diagram for the shell 


material. 


Before the buckling equations can be used, EB. and Ee 


must be related to the applied pressure. The secant and 


tangent moduli are defined 


an 
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and are shown graphically: 
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Hence Be and E_,, are readily determined from the stress- 


Ag 
strain curve (see Appendix C). Having determined E/E and 
E/E as “LUNnCtLonss of CO.) they must be appiied to the hydro- 
statically loaded cylindrica: shell. By expressing hydro- 
static pressure in terms of the stress intensity, a rela- 


tionship between Eo, & and pressure will be established. 
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a buckling equation 


at 


Ss 2? See a.) > 
a) ca Yo> oe oc. pvK; + K5 - KK, 
a stress intensity (Huber-Hencky-Von Mises) 
equation 


The intersection of these two curves will predict fail- 


ure by inelastic buckling if below the yield strength. 


Thus the general solution technique is to (1) solve 


for the state of stress, and consequently a relationship 











pee 


between c, and p, and then (b) solve the buckling modes as 
eetunction of 0. (E.,E,). The intersection of the curves 


being the critical pressure (see 1b). 


1. Solution Technique. 
@. STRESS ANALYSIS 
tNE Deal aA.: 
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r? 
Let p = 1.0 psi 
(1) Formulate 6, 6 
(Z) Formulate F 
(3) Formulate g., g; 

(4) Formulate R , a 

(5) Fosmiuilate «Mami, P57 .O 

(6) Formulate Va? Vi 

(7) Solve simultaneous equations for H.,H; 
(oe) ehormulace HHO HHT, ORR 


Coy Perormulate.d..., 70 
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(10) Formulate B 
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(11) Solve for the states of stress 





D. FAILURE MODES 


(1) INELASTIC MATERIALS 
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(2) ELASTIC - PERFECTLY PLASTIC MATERIAL 
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©. OPTIMUM PROPOR Ole 


A simple optimization program was used to deter- 


Mine optimum proportions. As indicated in the flow 


diagram, a comparison is made between the design col- 


lapse pressure (PCO) and all the failure mode pressures 


(P,). The 
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failure mode pressures consist of: 


yield at midbay 


yield at webd-shell junction 


= yield in web 


axisymmetric buckling, each shell 


asymmetric buckling, each shell 


general instability 
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web instability (ring) 


web buckling (edge compression) 
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RESULTS 


ith Geometric similitude was determined to exist. The 
stress analysis and failure mode programs output are in 
Appendix D for three geometrically similar structures. 
Grapn 1 shows the failure modes for these three geometric- 
ally simiiar structures made from HY-160 steel. The effect 
of the inelastic range of this material on the buckling 
modes is indicated. The example has underdeveloped webs 


(PWS, PPC4). 


iy Maximum stress states were found to be located as 


shown below. 








MIt 


5. The results are plotted in graphical form. The results 
meeealvided basically to show (a) the Eailure modes of the 
shells, (b) the failure modes of the webs, and (c) optimum 
proportions and weignt/displacement results. The presenta- 
mfen Of the results in this form was (1) to facilitate 


comparison with ring-stiffened cylinders, and (2) to 





show the relationship of the various failure modes, 
The form of the results are very Similar to those of ring- 


stiffened cylinders. 


4. Grapns 2 through 7 are sample results of the stress 
and buckling analysis for the snell portion of the web- 


stiffened sandwich cylinder using HY-380 steel. 


Be Graphs 8 tnrough 1l are sample results for the web 
portion non-dimensionalized by Pan 
where 
ND 


Duy 


Tne material was HY-80 steel. 


or. Graphs 12 and 13 show the effect of yield strength and 


the modulus of elasticity on shell failure modes respect- 


ively. 
ae Graphs 14 and 15 and Tables 1 and 2 are concerned with 
the optimization results. The optimum proportions for ring- 


stiffened cylinders shown in Graon 15 were based upon using 
92, 92A criteria for shell yield (outer fibers reaching 


yield stress). 


8. For a given nydrostatic loading and null diameter the 
Shell thicknesses for the web-stiffened sandwich are approx- 


mmactely half that of a ring-stiffened cylinder. 
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DISCUSS ION OF -RESUEMsS 


lis: High strength materials having inelastic zones are 
more prone to failure by buckling than elastic materials 
because of the reduction of the value of E above the pro- 


mercitonal limit. 


Za Graphs 2 througn 5 indicate that close spacing (small 
L) of the annular rings (webs) is required in order to 
utilize tne benefits of this type of structure. This fol- 


lows from the more uniform stressing in this configuration. 


BE Maximum stresses in the shell occur in the outer shell 
(TO = Ts) when web spacing (L) is large. However, when the 
Spacing is small the stress in the inner shell can exceed 
the outer. This occurs when the web thickness and web 
depth is insufficient to carry the load (see Graphs 6 and 
7). Graoh 6 suggests that a more evenly distributed aitees 


can be obtained by making Looe for thin shells. Optimi- 


@eeton bears this out (Tabje 1). 


4, Graphs 8 throuch ll indicate that web strength and 
buckling determine web depth and thickness requirements and 
have a critical effect on the weight/displacement ratio 


Mews = £(bh); PPC4 = £(bn*), PPCS = £Elb/h)*).. 


De. Shell buckling moces (PPCl, PPC2) become prevalent 
only in (a) thin sheils -- either shallow depth load design 
er Haig strength materials, or (b) (materiale wieaetew. 
moduli of elasticity (E) such as titanium or aluminum, or 


(c) in tne inelastic range of high strength materials. 


6. Axisymmetric failure mode (PPC1) is prevalent only in 


very thin shells (t/D_. ro oleh ag 


Te Higher strength materials and materials with low 
moduli of elasticity should nave smaller web spacing in the 
Optimum oroportions (PPC2 shifts to the left -- thinner 
shells for the hign strength materials; smaller E for those 


wien low modulus of elasticity). 


Or Table 1 and Graph 14 indicate that web depth increases 
Wweeer Aepth for the Saerman Scantiings. This is seen from 
tne neeca to increase the web size with loading. Also 

h/t. decreases with depth indicating t. 1s increasing 
faster than web deptn, hn. The parameters h/s and b/t. 


Sema@oc Change appreciably. 


ae Optimization scatter about the optimum scantlings 


indicates more than one optimum configuration (Table 2). 


10. Graph 15 shows that there is an advantage of this 
structure over the ring-stiffened cylinder of some order. 


Further examination is required using membrane yield in 





place of yielding at the outer fibers to compare to the 
optimized results of ring-stiffened cylinders using 
Lunchick's formulation for shell yield. Also, comparison 
with experimental failures is required to verify the 
formulation used in this investigation or to justify the 


use of membrane stresses. 


ll. The advantages of thinner shells (homogeneity of 
material, greater ductility, better notch toughness, and 
easier to form or weld) compared to those of the ring- 
stiffened cylinder make the web-core sandwich cylindrical 


null very appealing. 


72. The results set forth are trougnt to be conservative. 
Yield (P, PF, PWS) at tne outer fibers was the criteria of 
yield failure. If membrane stresses were permitted to 


reach yielding more cramatic results would have ensued. 





aL 


CONGUE LCs 


Web-core sandwich type cylindrical pressure hulls 


possess structural efficiencies in the order of 10-20% 


higher than those of convent:onal ring-stiffened construc- 


tion at deptns of 2,000 feet and 5% higher at depths of 


10,000 feet. 


2. 


Higher strengths realized with the sandwich designs 


over those of conventional ring-stiffened cylinders can be 


explained: 


a. 


Symmetry of the sandwicn cross section allows a more 
uniform and more complete stressing of the available 
material. The outstanding flange of a T-frame on a 
conventional ring-stiffened pressure hull is stressed 
only in the circumferential direction, i1.e., a uniaxial 
state of stress exists. In @ sandwich pressure hull, 
the "flange" material is in reality a second shell 
which is more efficiently stressed in both the axial 
Beco Gcilrevmnteorential Glrections, t426C25 a biaxial State 


SE Stcressuecxises. 


Sandwich geometry is inherently more stable structur- 
ally permitting straining of the material well into 
the work-hardening range with concomitant beneficial 


effects of higner strength levels (inelastic materials). 





BU Inelastic analysis 1S very necessary in the use of 


high strength materials. 


4, Sandwich construction permits the use of thinner plat- 
ing material with its enor homogeneous, higher strength, 
greater ductility, and better notch toughness character- 
istics over thicker plating. In addition, thinner plating 


mereeasier to form and weld. 


Dis The use of this type of structure is appealing in 
several designs: 

(a) Large diamters hulls -- thinner plating. 

(ob) Deep depth hulls -- thinner plating. 

(c) Shallow deptn hulls (<2000 feet) -- 10-20% more 


efficient structure. 





RECOMMENDATIONS 


i Utilize tne membrane stresses developed in Appendix A 
in the stress analysis and failure mode programs in place 


Mentone outer fiber stresses. 


Ze Compare experimental results to theoretical and 
determine whether membrane stresses or outer fiber stresses 


ese more cealistic. 


ee Formulate a more sopnisticated optimization program 


utilizing a search technique (reduce program cost). 





als. 
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APPENDIX A 


AXISYMMETRIC STRESSES 
IN AN ISOTROPIC, WEB=STIFFENEDVSANDWi Chee ea tNbak 
LOADED WITH UNIFORM EATERNAL PRESSURE 


BASIC EQUATIONS 
For cylindrical shells loaded under uniform pressure, 


the three principal axes of strain are 





ee zo, an (4 + ,) 

eee 
ey — F o - Vv ice + 2) | ( i) 
aS = Or soe 4) | 


Since the radial stress in the shell is generally 
small in comparison to the longitudinal and circumferential 


Stresses, Equation (1) reduces to 
Ee = 4 Oo. - VO 
Xx E x d 


Ee = 


6 G 5 oy (2) 


tay 


for the longitudinal and circumferential strains, respect~— 
ively. 





The equilibrium of forces and moment of forces in the 


element requires that 
4 Nx + 4Nx 
we 


yu My + 4 Mx 









Qx 
ik ts 
| ay if 
Lg 
a) a 
ax R 
(3) 
er 
ax x 


if the bpeam-column effect due to the axial portion of the 


myarostatic pressure is neglected. 


The moment curvature relationship 


aa 
x ax* 





where $ er (4) 
12/1-y?) 





Equations (3) and (4) can be combined to form the 
following general differential equation of equilibrium 


oda oe 
D = Ae ee ae (>) 





The strains in equation (2) can be expressed in terms 


of the forces Ny. ana o as 


mae _ 

ee ae) 

pe i ena) (6) 
Q Ee Q x 


Tne circumferentiai strain can also be expressed as 


ae 
Cy = R (7) 
By substituting Equations (6) and (7) into Equation 
(5), the general equation of equilibrium is 
uy 
p5@w,Et, ap _vy (8) 
ax 4 R4 RX 
The edge conditions at X = 0 and X = L are 
Cw | _ ow = 
ax | x=0 x) x=L 
and 
3 3 
-diw . déw| _ Q (9) 








With these boundary conditions, the general solution 


of equation (8) is 





2R*O 





w= - x 6 | 
Sees. 3B, 724 TS eee 
fa 
is Ee NAR (10) 
fe Et 


where 


=a ie cosn @ - cos @ 
on Sinh @ —- sin 6 
2 cosh @ —- cos @§ 


B, = cos (6=) cosh (=) 


B, = sin (oF) GOs (o=) 
B. = cos (=) sinh (=) 
Be = sin (=) sinh GS 


SL ROO SAND ow RAEN 


The longitudinal stresses on the shell section with 


externally applied pressure for the outer and inner surfaces 











eae 
NS OM, - 

- ioe = — 7 ae (11) 
\ be ee ae ee ee Nx 
xX ee eee 

My Hl ne 
P —t——+ 
Qy Qy 





From Equations (4) and (10), the longitudinal stresses 


ez Equation (11) are 








ie ats Oo: 
ee es 
R * “0 | (12) 
From Equations (2), (7), (10), and (12), the circum- 
ferential stresses are 
. Q G 
2 Ee Ts i 
oom = r+ (ere) (ales) 
wnere 
CeaeceeS. - 3, =ieeees So 
Cees + 2, See (14) 
a i ee) 
aA o.% 


DEVORMATION (OF ~LSOTROPUIC sel KCUGAR RINGS 


For a web-stiffened sandwich cylinder, the outside 
ema inside shells are separated by a circular ring. A 


segment for this type of ring is snown below. 





R: |. do . . 


RING SEGMENT SMALL ELEMENT 






Njio 


Ro 





Neglecting stresses in the X-direction for the ring, 


Equation (1) reduces to 


(AS) 
ey = ca 0. seve 
iG B 5 d 
These strains can also be expressed as 
c Less We 
? R 
(16) 
ae 
ie ae 


The equilibrium of radial forces on the small element 


requires that 


o, -o.- R= = 0 (ley) 





With the réelationsnivns in wieuatione es > meee eo 


eae general solution of Equation (17) a6 


+ 00 


— {| R | 


{RRI 
pa eee 





W(R) = 


(1 -v) 











where 
a Toy? 
RRO = RO + = 
RRI = RI - +> 


By differentiating Equation (18) and by combining 


BoQuations (15), (16), and (17), the circumferential stress 





is 
wal | Rw a os RRL 
G(R) = i: cece 2 
Dp R } 2 
— ——— !1- RR)? 
2\RRO} | (19) 





ema the radial stress is 





70, (RR) 40 Hees! = 70, ORR) +05 (2) | (RT) 
L Al fh {UR 
Se j= ; 
bie [inca 
2 aeRO ee ca 


DEFORMATIONS OF SANDWICH SHELLS 


sefore determining the stresses in the cylindrical 
Snells of a sandwich structure, it is first necessary to ob- 
tain the forces QO, and N. on the outside shell and the 


forces Q. ana N, on the inside snell. 


le. . | Outside Shell 
Jf 
Ns pie eK - 
x alee na gy A 
: . | 
| : 
i | | @. } 
a bs: t—— inside Shell | 
b 


\* if 


Ss 


i ae ea 
a 


The radial cefiection ci tre outside shell at the web-— 





- 


J. 


St. ftener 





le: 


—+_— 


ic 
Ri 


shell juncture can be expressed interms of the forces as 


oo GONG + rGP (20) 





and the radial defleetion of ee anstoe eat: 


Wee eae! 


Similarly, the radial deflection of tne outer fiber 


Of the web at the web-shell juncture can be expressed as 


: ie aay s 2 
Wow ~ Soo Ro 7 ro T Soiéi (23) 


mmo the radial deflection of the inner fiber can be 


expressed as 


bp | ar 
Qo tz Pi t 95493 ee 


Since the stresses in a sandwich structure are linear 
functions of the applied pressure, tne coefficients of the 
Berce in Equations (21), (22), (23), and (24) will be 
developed for a unit ef applied pressure (p = 1.0). By 
substituting the geometric properties of tne outside shell 
mite Bquation (10), tne coefficients cf the forces in 


Equation (21) are 


-~ 2RO*6 'sinhy + sind 
on O O 





J Sue —|§ (25) 
PATOUONE | cosnd ~ cosé 
i: O O 
aeRO 
ao Fo 
7 RO 
By - ETO 


where 


85 ¥3(1=v%) /RO- TO 





84, 


Also by the geometric properties of the inside shell, 


the coefficients of the forces in Equation (22) are 





- 2RI76./ sinhé. + sind. 
gis ee eee 
= Zeno coshé. - cosé. 
Ve as 
(26) 
ee el 
Gs ~ Bre 
where 
: L 
6. = Y3(1l-y2) YRI-TI 


i. 


The hyberbolic and trigonometric function in 


Equations (25) and (26) are redefined by 


8 i}sinhé + sin8g 
ae Ee = sang (27) 


By Equation (27) ,@the coefficients To and g, are 


ry 
i 


aoe 
So ETOL *o 
oa eee 


By substituting combinations of unit and zero forces 


Mace HEQuation (17), the coefficients in Equations (23) and 


(24) are 
Cee e Omer: RR*) - v(l - RR*)] 
Go, = ~2CRRI (RR) 
Ji = 2CRRO(RR) (29) 


= -CRRI [(1 + RR*) - v(l - RR*)] 





where 
a Z 
C = SECT - RR?) 
From the equilibrium conditions of the end forces 
on a Sandwich cylinder loaded under an external uniform 
pressure, the relationship between the outside and inside 


g@etal forces for p = 1.0 psi is 


RO? 


NGRo aE Ey an (30) 


By assuming that the axial membrane strain in the 


outside shell is equal to the axial membrane strain in 


eel . No — Ny . 
the inside shell, 1.é., ETO ~ EPL’ the axial forces are 

RO 
Z 

a a 
no Re 

(31) 
ee or 
= eioucc 


Por coOmpatibality of deformations in the radial direc- 
tion, che relationships that must exist are Ee = Wee and 
Ws = Wey With these relationsnios and Equations (21) to 


(29), the radial forces Q, and Q; can be expressed in terms 


of the two following simultaneous equations: 
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Meugations (31) and (32). 


Soi 


Qn: 


a 


O 


and 








1 - —vZ2 
1) eee 
LORS 





b 
t co 
BOn as 1 
Ti 1+ 2L,81 
TO Ro 
b 
we clays 


(32) 


Q. can be computed from 


STRESS DISTRIBUTION IN SANDWICH STRUCTURES 


The 
sandwich 
geometric properties 
(12) and (13). 


From 


ential stress in the 


RO 
ene 


O Se) 2 

QOL ZO 

and the membrane stress 
_ RO 

Soom ~ ~ P FH 


these relationships, 


outside shell on an 


Bee oes 
f -<l + 
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{ -1 + 


Qo 
aie 
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Eien 


stresses on the outside shell of the isotropic 
are determined by substituting Noe Qos and the 


of tne outside shell into Equations 


the circumfer- 


outer fiber is 


Vv 
20 ee ro) 
Vv 
(Gog - 4 Gq) 1 
(33) 
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The longitudinal stress in the outside shell on an 


outer fiber is 


_. RO [ N 7 
Sxo0 7 F £0 | 32 og eae 10 
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oO 
O 
te 
= 


on an inner fiber 


O = p RO One 
one TO RO Ly ~10 
(34) 
and the membrane stress 15S 
Bhs 
Syom 7 -F FO 


And likewise the stresses on the inside shell are 
determined by substituting Ns, Q. 3 and the geometric 


properties of the inside shell into Equations (12) and (13). 
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The stresses in the web stiffeners at the outside 
and inside shell locations are determined by substituting 
the outside radius RRO and inside radius RRI into 
Equations (19) and (20). Also, the total force on the 
outer surface of the web consists of the radial force oe 
at the web-shell juncture and the force attributed to the 
applied pressure directly on the web. The total forces 
(HO ana H. ) on the oucer and inner surfaces of the web 


for a unit pressure (p = 1.0 psi) are 


H 


. 05 + b/2 


With these relationships, the circumferential stress 


in the web on the outer surface 1s 


| (-H, (RR) 24H.) (-H, (RR) +H, (RR) ) (RR) | 
fe} = =P ee : 


to] oO” 


(1- RR*) 


and the radial stress (38) 


(-H, (RR)? +H) - (-H, (RR)+H, (RR)) (RR) 





= (1- RR?) 





em On the inner surface 


(i, (3B? 40) (RR) - (Hy (RR) +g (RR) ) 


Owl 


Ne Rey 


(RR) (1-RR? ) 


oe ye! - (CR) +H, (88) ) | 
2 (RR) (1-RR?*) 


(39) 





APPENDIX B 


BUCKLING ANALYSIS 


1. Inelastic Asymmetric (Lobar) Buckling Analysis. 


The buckling equations for a fully plastic cylinder 


specialized for the case of hydrostatic pressure loading 
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where x and $9 are respectively =he axial and circum- 


ferential coordinates, 


u, Vv, and w are the axial, tangential, and radial 
displacements, 


EB. and E, are the secant and tangent moduli, 
Ris the radius to shell mid-surface, 

t is the shell tnickness, 

Vv is Poisson's ratio, 


Beas the bending rigidity = Bet / 1a) 


Zz 


Bs and N 4 are forces per unit length in the axial and 


circumferential directions, and 


p is the hydrostatic pressure. 


With several differentiations, u and v can be elimin- 
ated from Equations (la), (1b) and (lc) so that a single 


eight-order equation in w is obtained: 
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where V. indicates | 3x + Re a 








A solution to this equation can be written: 
W= A sin Kod Sin Ax (3) 


where K =WN 


_ mn 
erg 
Lis the length of the shell, and 


m and n are integers. 


This SOlLUttOnsaeriseles Ehe COnditlenc ot simple sup- 


2 
port at the ends of the cylinder, i.e., that w and a 


woamish at x = 0 and x = 1. 


These conditions are not unreasonable for stiffened 
cylinders since it is likely that the effective rotational 
restraint will be limited by the formation of plastic 


regions arising from high bending stresses near stiffeners. 


By SUOStdEUtIng the solution (3) back intoe(2), the 


following characteristic-value equation is obtained: 
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ip 7D ky ih ae 2 2 
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S. 4 K 2 2 S S 
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32 r NS S + x | A“ + Z = 1 a. 
N 2 2 Z 1E | 
o K 3 Seles ' 
= — —— + i + —- |——~ - 1} Xd = Q 
Ny R2 ( R2 4 En | 
(4) 
To simplify: 
ee oe a 1 
- 2 K2 N2L2 
Re 1 + m272R2 
f= = 
a (5) 
Ie, 
eye = - 1 
Te 
Now since: Ny = ot = KL pt 


the equation is then rearranged so that an expression for 


Py: the plastic buckling pressure, is obtained: 
, Ep eer 3: > Etfo’ 
Po = £Dd E_ 1+ ¢c9 (3 a5 > ae Z ® fa = $ } R22 
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Equation (6) can now be minimized for eS with respect 


to N/M by setting 
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(aia eee Se 
26 (1-£) + So (ee) & Sco ‘ (9) 
p 4° p 


Since Be in (9) is proportional to m*, m must be 


equai to one in all cases when N is greater than 0. 


After some investigation, an approximate value of 9 


was determined 
(10) 


Equation (9) can be further simplified to 


2 2 3c? 
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(11) 





A similar analysis for the elastic region yields: 


De ee es metal f 1 
e 3(1-v?) 9 RK L \ 3-29 (1-£) 
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(12) 


Although Eguations (11), (12) define the buckling 
pressure for the plastic and elastic regions, no solution 
is given for the inelastic region which lies between these 
two limiting cases. However, by employing an empirical 
correction factor wherein Poisson's ratio is regarded as a 
variable, one can arrive at an expression which reduces to 


the proper limiting values. 


Weems (lon! 
Z E 2 e (33) 


Thus rewriting Equation (11), 
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2. Inelastic Axisymmetric Buckling Analysis* 











The differential equations of equilibrium describing 
the plastic buckling of a cylindrical shell subjected to 


external hydrostatic pressure are expressed as Equations 


om 


Equations (1) admits to a solution of the form 


u A cos Nd cos Xx 


V B sin No sin Ax 


w= c cos Nd Sin Ax (15) 
where A = Mr/L, n an integer 

This solution describes a buckling mode with M 
halfwaves along the cylinder axis and 2N halfwaves 
around its circumference. It also satisfies boundary 


conditions of simple support at the ends of the cylinder; 


fee w and w/3x* vanish at x = 0 and x = L. 


The buckling condition of the shell is represented 


in Equation (4). 


For axisymmetric buckling N = 0 and for m = 1, the 


Minimum value of A is AL... = T/L. 
min 


Substituting this value into Equation (4) results in 
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replacing Nee with Ct = K pt 
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Beene Buckling» Under Hydrostatic Loading* 


Two modes of buckling will be considered: 


(a) Buckling of a Ring 
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(b) Web Buckling under Edge Compression 
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Therefore 


and 


thus 
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- Eb ° 
12 (=v) 
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*Reference (2), (4), (8), and (22). 
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APPENDIX C 


MATERIAL PROPERTIES* 


The properties for the four materials utilized in the 


Optimization studies are tabled below. The secant and tan- 


gent moduli are defined as 
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(3) ALUMINUM ALLOY (O,, = 65,000) 














oi/o, E/E Bae ae 
ane ae 1.00 
0.70 Bo 1.00 
eae ae 1.00 
0.80 eatU 1.00 E = 10.8 x 10° psi 
0.85 ae 1.00 enor 
0.90 ees 0.80 = 173 pet 
0.95 0.34 0.55 
1.00 0.14 0.28 
1.05 0.05 a2 
eo 0.03 0.06 
(4) HY80 STEEL ‘Gy = 80,000 psi) 
/ E,/E VE Bn,/ 5B? 
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APPENDIX D 


SAMPLE OUTPUT OF COMPUTER PROGRAMS 


STAS - Stress Analysis Program 


FMCS - Failure Mode Criteria Program 


OPT oetinizaciten PrcOgran 
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STRESS ANALYSIS OF A WEB STIFFENED SANDEICH CYLINDRICAL PRESSURE HL 
GUTSIDE RADIUS(CIN.)= $61.50 

INSIDE RADIUSCINI= 58.50 

OUTSIDE THICKNESS CIN)= 0260 

INSIDE THICKNESS= 0.60 

WEB THICKNESS(INJ = 6260 

WEB SPACING(IN)= 5240 


4X00 MPHIOCO MXOT MPHIOI MxO] MPHITO MIE MOHIGTE 


~37078 ~47087T ~-14075 —-400.96 -16.95 -%1.9]1 -35258 -47650 
FXOG FPHIOO FxOI FPHIOTI FxXIO FeOHEEO FxI!I FeHIIT: 


-3219 —-362e45 ~49435 -50230 ~44.95 —-S5ie1S9 ~7.58 ~39098 


HRW HS HTS BTS IEFF 0 
0.050 0.500 §.000 1.000 16.09 32600 
W8= 0.377 
KR= 32071 KF= 83.887 
STRESS ANALYSIS GF A WEB STIFFENED SANDWICH CVLINORICAL PRESSURE KL 
OUTSIDE RADIUSCIN,)= £23200 
INSIDE RADIUSCIN)I= 117.00 
OQUTSINE THICKNESS (iNIs 1220 
INSIDE THICKNESS= 1.20 
WEB THICKNESSTINI= 1.20 
WEB SPACING(IN)= 10.60 


4xG0 MPH TOO HXOI MPHIOI MxOI MPHTIO MXII MPHITTI 


—~370.78 -47687 ~-14.75 -40.96 -16.695 -41-91 -35.58 3-47-50 
Fxoo FPHIOG FXO! FPHIOI FXIO FPKIIG EXIT FPHIII 


=3019 -360.45 -49.35 -50.30 -44.695 -5icl9 -7658 39698 


HRW HS HTS BTS IEFE D 
0.050 0.500 5.000 1.000 270.6 7200 
wB= 0.377 
KR= 3.071 KP= 832887 
STRESS ANALYSIS OF & WEB STIFFENED SANDWICH CYLINDRICAL PRESSURE HL 
OUTSIDE RADIUS(IN.)= 184.50 


INSIDE RADIUSCTIN)= 175-50 
OUTSIDE THICKNESS (IN)J= 1.80 
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INSIDE THICKNESS= 1.80 
WEB THICKNESSCIND= 1.80 
WEB SPACINGCINI= 16.20 


4xO0 MPH1TOO MxOlI MPHIOT MxO! MPHITIO MXIT MPHITI 


“37.78 -47.87 3-14.75 3-40.96 -16.95 -41.91 -35.58  -47-.506 
FxoOo FPHIOO FXOI FPHIOT FxIQ FPHIIG FXIE FOHITI 


“3019 ~36045 -49235 -56.30 4495 -51.19 -7058 -39.98 


HRW HS HTS BTS IGFF D 

0.050 0.2500 5.000 1-000 1369069 10-8600 
wWa= 00377 
KR= 32-071 KP= 83.887 


COMPILE TIME 7653 SEC EXECUTION TIME= 0.85 SEC,OBJECT CODE= 9856 BYTE 
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Thesis li 
K3574 Kroner 
Stress analysis, 
buckling analysis and 


optimum proportions of 
an isotropic web- 
stiffened sandwich 
cylindrical shell under 
hydrostatic pressure. 
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